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We analyze in detail the global symmetries of various (2 + 1)d quantum field theories and
couple them to classical background gauge fields. A proper identification of the global
symmetries allows us to consider all non-trivial bundles of those background fields, thus
finding more subtle observables. The global symmetries exhibit interesting ’t Hooft anom-
alies. These allow us to constrain the IR behavior of the theories and provide powerful
constraints on conjectured dualities.
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1. Introduction
Recently, a convergence of ideas from condensed matter physics [1-6], supersymmet-
ric quantum field theory [7-19], and string theory [20-34] has led to a large set of new
boson/fermion dualities [35-45] and new fermion/fermion dualities [46,38,39,47,45].1 Our
goal in this note is to further explore these theories. In particular, we will focus on various
aspects of their global symmetries.
The main boson/fermion dualities that we will study are [35,39]2
SU(N)k with Nf scalars ←→ U(k)
−N+
Nf
2
with Nf fermions
U(N)k with Nf scalars ←→ SU(k)
−N+
Nf
2
with Nf fermions
U(N)k,k±N with Nf scalars ←→ U(k)
−N+
Nf
2
,−N∓k+
Nf
2
with Nf fermions
(1.1)
conjectured to hold for Nf ≤ N (our notation is U(N)k ≡ U(N)k,k), and [45]
SO(N)k with Nf real scalars ←→ SO(k)
−N+
Nf
2
with Nf real fermions
USp(2N)k with Nf scalars ←→ USp(2k)
−N+
Nf
2
with Nf fermions
(1.2)
for Nf ≤ N in the USp case, and Nf ≤ N − 2 if k = 1, Nf ≤ N − 1 if k = 2, and Nf ≤ N
if k > 2 in the SO case.
In the fermionic theories the only interactions are gauge interactions. On the contrary,
the scalar theories also have generic quartic potential terms compatible with a given global
symmetry. Hence, it is important to specify what symmetry we impose, as different choices
in general lead to different fixed points. We will discuss it in more details below.
Some special examples of the dualities in (1.1) and (1.2) lead to
U(1)0 with a scalar ←→ a scalar
U(1)1 with a scalar ←→ a free fermion
U(1)2 with a scalar ←→ SU(2)1 with a scalar︸ ︷︷ ︸
enhanced SO(3) global symmetry
.
(1.3)
The first duality is the celebrated particle/vortex duality of [1,2]. The second duality maps
an interacting bosonic theory to a free fermion [38]. The theory in the third duality has a
1 See [48] for some recent tests.
2 We will follow the notation and conventions of [49,38,39,45] and will not repeat them here.
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ܷ 1 ିయమ with a fermion     ܷ 1 ଶ with a scalar  
                       
                       Global ܱ 2  symmetry 
ܷ/ܷ or ܱܵ/ܱܵ 
duality 
Sܷ 2 ିభమ with a fermion      Sܷ 2 ଵ with a scalar 
 
                       Global SO 3  symmetry 
ܷܵ/ܷ duality ܵܲ/ܵܲ duality 
ܷܵ/ܷ duality 
Same IR fixed point 
Global SO 3  symmetry 
Fig. 1: Four UV theories, related by dualities, flow to the same IR fixed point.
The two UV theories with SU(2) gauge symmetry have a global SO(3) symmetry,
and therefore the IR theory also has that global symmetry. The two UV theories
with U(1) gauge symmetry have only O(2) global symmetry. The duality implies
that they have an enhanced quantum SO(3) global symmetry in the IR.
quantum SO(3) global symmetry [45] (see fig. 1). In all these cases the monopole operator
of U(1)k in the theory on the left side of the duality, whose spin is
k
2 , is an important
operator in the theory on the right side. It is the scalar in the first case, it is the free
fermion in the second case, and it is the new current of the enhanced SO(3) symmetry in
the third case.3
3 One might wonder whether the theory of U(1)3 with a scalar, which has a monopole operator
of spin 3
2
and a global U(1) symmetry, could have N = 2 supersymmetry in the IR. It has a dual
description as SO(3)
− 3
2
∼= SU(2)−3/Z2 with a fermion in the adjoint [45], which seems to have
N = 1 supersymmetry. However, this supersymmetric theory is expected to be gapped [50] with
a low energy SO(3)−1 ∼= SU(2)−2/Z2 trivial TQFT. As we vary the fermion mass, we can find a
transition to another gapped phase with a TQFT SO(3)−2 ∼= SU(2)−4/Z2 ↔ SU(3)−1 ↔ U(1)3.
The duality statement could mean that the theory at this transition point is dual to the U(1)3
theory with a scalar. However, since we needed to change the fermion mass from the supersym-
metric point, we broke supersymmetry explicitly and there is no reason to believe that the IR
2
All these dualities are IR dualities. We start at short distances with a renormalizable
Lagrangian and impose some global symmetry on its terms. Then, we scan the relevant
deformations that are consistent with the global symmetry. These are typically mass
terms, but there are also others. For generic values of these parameters the low-energy
theory is gapped. As these parameters are varied there could be phase transitions between
different phases and the phase transition points occur at fine-tuned values of the scanned
parameters. We will assume that, as we vary these parameters, the phase transitions
can be second order. Then the long-distance physics is described by a fixed point of the
renormalization group, which is a continuum conformal field theory. The statement of the
IR duality is about this fixed point and its neighborhood. If, on the other hand, the IR
theory is always gapped with possible first-order transitions between phases, the statement
of the duality is significantly weaker and it applies only to the gapped phases.
1.1. Global symmetries
Our starting point is to identify the correct global symmetry of a quantum field theory.
For the moment we ignore discrete symmetries like time reversal T and higher-form global
symmetries [51,52]. We will discuss them later.
We should distinguish between the global symmetry of the UV theory GUV and the
global symmetry of the IR theory GIR. Although there might be elements in GUV that
do not act on the IR degrees of freedom, we should still pay attention to them in the IR.
The IR effective action might contain topological local counterterms for background gauge
fields coupled to those elements.
Conversely, there could be new elements in GIR that are not present in the UV. These
lead to an accidental or quantum symmetry in the IR. These symmetries are approximate
and are violated by higher-dimension operators in the IR theory. Examples of such quan-
tum symmetries are common in (1 + 1)d field theories and have played an important role
in supersymmetric dualities, in particular in (2 + 1)d mirror symmetry [7].
A noteworthy simple example [45] is summarized in fig. 1, where four different UV
theories, some with GUV = O(2) and some with GUV = SO(3), flow to the very same IR
fixed point with SO(3) global symmetry (we will discuss this example in Section 3).
theory at the transition point is supersymmetric. Alternatively, if the supersymmetric N = 1
SO(3)
−
3
2
theory is actually gapless, it could be dual to the U(1)3 theory with a scalar, in which
case it will also have enhanced N = 2 supersymmetry.
3
These considerations are extremely important in the context of duality. Two dual
theories TA and TB that flow to the same IR fixed point must have the same global
symmetries. In some cases the UV symmetries are the same GUVA = G
UV
B . But it is also
common that the UV symmetries are different GUVA 6= G
UV
B , and yet they are enhanced
to the same IR symmetry GIR. Again, the example in fig. 1 demonstrates it and gives
interesting consistency checks on the various dualities. We will see several examples of
that in Section 3.
When we discuss the global symmetry G (either GUV or GIR) we should make sure
that it acts faithfully on the operators. Specifically, we will see many examples where
all the local gauge-invariant operators in the theory transform in certain representations
of the naive global symmetry group Gnaive, but the true global symmetry G—which acts
faithfully—is a quotient G = Gnaive/C by an appropriate C.
A key tool in the analysis of a quantum field theory is its coupling to background
gauge fields for the global symmetry. If we misidentify the global symmetry and couple
the system to background Gnaive gauge fields, we miss important observables. In particular,
if all the local operators transform trivially under C ⊂ Gnaive we can couple the system to
G = Gnaive/C bundles, which are not G bundles.
For example, consider the SU(2)1 theory with a scalar in fig. 1. The naive global
symmetry is Gnaive = SU(2). However, in this case all gauge-invariant operators in the
theory are in integer isospin representations of this group and therefore the true global
symmetry is G = Gnaive/Z2 = SO(3). This means that the system can be coupled to
additional background fields—SO(3) gauge fields, which are not SU(2) gauge fields. The
response to such more subtle backgrounds leads to interesting observables, which give us
more diagnostics of the theory.
More explicitly, we can couple the matter fields to
(
SU(2)dyn × SU(2)naive
)
/Z2 (1.4)
gauge fields. This is consistent because the matter fields do not sense the Z2 quotient. The
expression (1.4) means that when the classical fields are ordinary SU(2)naive gauge fields,
the dynamical gauge fields are ordinary SU(2)dyn gauge fields. However, when the classical
fields are nontrivial SO(3) gauge fields (i.e. SO(3) fields with nontrivial second Stiefel-
Whitney class w2), also the dynamical fields are in SO(3) bundles. This demonstrates
that by using SO(3) background fields we can probe more twisted sectors of the dynamical
fields.
4
Below we will see many generalizations of this example. We will encounter dynamical
fields b for a gauge group Gdyn and background fields B for the true global symmetry of
the model G = Gnaive/C for some C. As in the example (1.4), the dynamical and classical
fields can be combined to a gauge field B with group
(
Gdyn ×Gnaive
)
/C . (1.5)
If the classical fields B are in Gnaive bundles, the dynamical fields b are in Gdyn bundles.
But when B are in nontrivial G = Gnaive/C bundles, also the dynamical fields b are in
Gdyn/C bundles rather than in Gdyn bundles. The consistency of the theory under gauge
transformations in (1.5) and possible anomalies in these transformations will be extremely
important below.
We should point out that the authors of [53,54] have examined such anomalies for
discrete groups from a different perspective.
We will be particularly interested in the theories in (1.1) and (1.2), so let us discuss
their UV symmetry GUV. In the fermionic case that is the actual UV symmetry of the
theory, while in the bosonic case that is the symmetry that we impose on the quartic
potential. The naive UV global symmetry Gnaive is
4 U(Nf )⋊Z
C
2 (where the second factor
is charge conjugation) in the theories with SU gauge group, SU(Nf )×U(1)M⋊Z
C
2 (where
the second factor is the magnetic symmetry) for U gauge group, O(Nf ) × Z
M
2 × Z
C
2 for
SO gauge group,5 and USp(2Nf ) for USp gauge group. However, we will find that the
faithfully-acting symmetry GUV is (we will not discuss the SO case here):
Theory Global Symmetry GUV
SU(N)r with Nf scalars or fermions
(
U(Nf )/ZN
)
⋊ Z
C
2
U(N)k with Nf scalars
(
U(Nf )/Zk
)
⋊ Z
C
2
U(k)
−N+
Nf
2
with Nf fermions
(
U(Nf )/ZN
)
⋊ Z
C
2
USp(2N)r with Nf scalars or fermions USp(2Nf )/Z2
(1.6)
where r is an integer in the theory with scalars and an integer plus
Nf
2 in the theory
with fermions. Here by U(Nf )/ZN we mean the quotient by e
2pii/N1I. In the special
4 In this discussion we mostly neglect time-reversal symmetry T.
5 In this case ZC2 is an element of O(N) not connected to the identity. When N,Nf are both
odd, ZC2 is already contained in O(Nf) (up to a gauge transformation), and should not be listed
as an independent symmetry.
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cases of U(N)0 with Nf scalars and U(k)Nf
2
with Nf fermions, the global symmetry is
SU(Nf )/ZNf×U(1)M⋊Z
C
2 which is isomorphic
6 to U(Nf )/ZNf⋊Z
C
2 . One should be care-
ful at small values of the ranks. For instance, SU(2)r with Nf fermions has USp(2Nf )/Z2
symmetry as manifest in the USp(2)r description, while the symmetry of SU(2)r with Nf
scalars depends on what we impose on the quartic potential. This will be analyzed in
Section 3.
1.2. Anomalies
It is often the case that the global symmetry G has ’t Hooft anomalies. This means
that the correlation functions at separated points are G invariant, but the contact terms
in correlation functions cannot be taken to be G invariant. Related to that is the fact
that the system with nonzero background gauge fields for G is not invariant under G
gauge transformations. Often, this lack of G gauge invariance of background fields can be
avoided by coupling the system to a higher-dimensional bulk theory with appropriate bulk
terms.
Let us discuss it more explicitly. Since we denote the classical gauge fields by upper-
case letters, A, B, etc., we will denote the coefficients of their Chern-Simons counterterms
[55,56] by K.7 They should be distinguished from the Chern-Simons coefficients of dy-
namical fields a, b, etc., which we denote by lower case k. It is important that k and K
should be properly normalized as (2+ 1)d terms. As we will see below, it is often the case
that the proper normalization of these coefficients involves a nontrivial relation between
K and k.
It might happen that imposing the entire symmetry G there is no consistent value of
K. In that case we say that G has an ’t Hooft anomaly and we have two options. First, we
consider only a subgroup or a multiple cover of G and turn on background fields only for
that group. Alternatively, we allow gauge fields for the entire global symmetry group G,
but extend them to a (3 + 1)d bulk. In this case the partition function has a dependence
6 More generally U(Nf )/ZN is isomorphic to U(Nf )/ZN+Nf . Representing U(Nf )/ZN as(
g ∈ SU(Nf ), u ∈ U(1)
)
with (g, u) ∼
(
e2pii/Nf g, e−2pii/Nfu
)
∼
(
g, e2pii/Nu
)
, the isomorphism is
(g, u) →
(
g, v = u
N
N+Nf
)
. The identifications map to (g, v) ∼
(
e
2pii
Nf g, e
− 2pii
Nf v
)
∼
(
g, e
2pii
N+Nf v
)
that represent U(Nf )/ZN+Nf . See also footnote 10.
7 We will use uppercase N in the gauge group of dynamical fields and Chern-Simons levels of
dynamical fields depending on N and Nf . We hope that this will not cause confusion.
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on how the background fields are extended to the bulk. It is important, however, that the
dynamical gauge fields are not extended to the bulk.
We will not present a general analysis of such anomalies. Instead, we will first mention
two well known examples. Then make some general comments, and later in the body of
the paper we will discuss more sophisticated examples.
A well known typical example in which we can preserve only a subgroup Ĝ ⊂ G is the
time-reversal anomaly of (2 + 1)d free fermions. Here G includes a global U(1) symmetry
and time reversal, but they have a mixed anomaly. One common option is to preserve
Ĝ = U(1), but not time reversal. Alternatively, in the topological insulator we extend the
background U(1) gauge field to the bulk and we turn on a (3 + 1)d θ-parameter equal to
π [57,58], such that the entire global symmetry G is preserved.
In this case the bulk term with θ = π is time-reversal invariant on a closed four-
manifold, but not when the manifold has a boundary: a time-reversal transformation
shifts the Lagrangian by a U(1)1 Chern-Simons term. This is an anomaly in time reversal.
The fermion theory on the boundary has exactly the opposite anomaly, such that they
cancel each other and the combined (3 + 1)d theory is anomaly free.
Another well known example, where we can preserve a multiple cover Gnaive of the
global symmetry G, is the following. Consider a quantum mechanical particle moving on
S
2 with a Wess-Zumino term with coefficient k. (This is the problem of a charged particle
on S2 with magnetic flux k.) The global symmetry of the problem is G = SO(3), but as
we will soon review, for odd k this symmetry is anomalous.
One way to represent the theory uses two complex degrees of freedom zi with a
potential forcing
∣∣z1∣∣2 + ∣∣z2∣∣2 = 1. This system has an O(4) global symmetry. Next we
introduce a dynamical U(1) gauge field b coupled to the phase rotation of zi. The resulting
theory is the CP1 model whose target space is a sphere. We can add to the theory the
analog of a Chern-Simons term, which is simply a coupling kb. In terms of the effective
CP
1 model this is a Wess-Zumino term with coefficient k [59]. The spectrum of the theory
is well known: it is ⊕jHj , where Hj is the isospin j representation of SU(2) and the sum
over j runs over j = k2 ,
k
2 + 1, ...
Naively, the global symmetry is Gnaive = SU(2) which rotates z
i. However, the global
symmetry that acts faithfully is G = SU(2)/Z2 ∼= SO(3). To see that, note that the
coordinates zi are coupled to a U(1) gauge field b, can be further coupled to an SU(2)
classical field B, but then b and B combine into a
U(2) =
(
U(1)dyn × SU(2)naive
)
/Z2 (1.7)
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gauge field B. The expression (1.7) shows that the element in the center of SU(2)naive is not
a global symmetry transformation—it acts as a gauge transformation. Hence, the global
symmetry that B couples to is really SO(3). Indeed, all gauge-invariant local operators
are in SO(3) representations.
For even k the Hilbert space includes integer j representations and represents SO(3)
faithfully. In this case there is no anomaly. But for odd k all the states in the Hilbert
space have half-integer j and the global symmetry acts projectively—it represents the
double cover Gnaive.
What should we do about this anomaly? One option is to say that the global SO(3)
symmetry acts projectively, or equivalently, the global symmetry is SU(2). A more inter-
esting option is to introduce a (1 + 1)d bulk M˜2 (with boundary the original timeline),
and add a bulk term that depends on the SO(3) gauge field B.
Explicitly, the original degrees of freedom zi couple to a U(2) gauge field B. Therefore,
the CS term kb should be written as k2 TrB. Although this is properly normalized as a CS
term for a U(1) gauge field b, for odd k it is not properly normalized for a U(2) gauge field
B. However, we can extend B to the (1 + 1)d bulk and replace the ill-defined contribution
to the functional integral ei
k
2
∫
TrB by the gauge-invariant expression
e
i k
2
∫
M˜2
TrFB
, (1.8)
where FB is the field strength of B.
We should check whether (1.8) depends on the bulk values of the fields. A standard
way to do that is to replace the bulk M˜2 by another bulk M˜′2 with the same boundary,
and to consider the integral in (1.8) over the closed manifold M2 constructed gluing M˜2
with the orientation-reversal of M˜′2:
e
i k
2
∫
M2
TrFB
= e
ik
∫
M2
db
. (1.9)
If this is always 1 then (1.8) is independent of the bulk fields. Had b been an ordinary U(1)
gauge field, this would have been 1 for every b in the bulk. But since the bulk involves
nontrivial SO(3) bundles, the gauge field b can have half-integral periods (it is a spinc
connection) and (1.9) can be ±1, thus showing that it depends on the bulk values of b.
However, this does not mean that the term (1.8) is not a valid term. In fact its dependence
on b is completely fixed in terms of the SO(3) gauge field B:
e
i k
2
∫
M2
TrFB
= e
ikpi
∫
M2
w2(B)
, (1.10)
8
where w2 ∈ H
2(M2,Z2) is the second Stiefel-Whitney class of the SO(3) bundle.
In other words, the bulk term (1.8) can be viewed as a (1+1)d discrete θ-parameter for
the background SO(3) gauge field, which is independent of the bulk values of the dynamical
field b as long as we keep the background fixed. (It does depend on the boundary values
of b.) The addition of such a bulk term, which depends on the background SO(3) fields,
is familiar in the famous Haldane chain.8
The perspective on this phenomenon that we will use below is the following. The
boundary theory—in this example a particle in the background of an odd-charge magnetic
monopole—is anomalous and its action is not well-defined in (0+ 1)d in the presence of G
background fields. To make it well-defined, we extend the background fields to a (1 + 1)d
bulk, making sure that there is no dependence on the extension of the dynamical gauge
fields at fixed background. Then the bulk term
∫
w2(B) is well-defined mod 2 on a closed
two-manifold, and it captures the dependence of the partition function on the extension
of the background field B. On a manifold with boundary the definition of
∫
w2(B) mod 2
depends on additional data. It is anomalous. This anomaly is exactly canceled by the
anomaly in the boundary theory, such that the combined system is well defined.
Below we will see higher-dimensional generalizations of these examples. Using the
notation discussed around (1.5), the dynamical fields b will typically have Chern-Simons
couplings k while the background fields B will have Chern-Simons couplings K. In addi-
tion, for U(1) factors in the two groups there can be mixed Chern-Simons couplings. The
way to properly define these couplings is by writing them as (3 + 1)d bulk terms of the
form θTrFB ∧ FB or θTrFB ∧ TrFB with various θ’s, where FB are the field strengths of
the gauge fields B. In addition, we will also encounter discrete θ-parameters, like those in
[60]. In this form we have a well defined expression for gauge fields of (Gdyn ×Gnaive)/C.
As in the quantum mechanical example of a particle on S2, it is crucial that these
bulk terms must be independent of the bulk values of b at fixed B. This guarantees that b
is a dynamical field living on the boundary. If the bulk terms are also independent of the
bulk values of B, we say that the global symmetry G is anomaly free. Instead, if there is a
dependence on the bulk values of B, the global symmetry suffers from ’t Hooft anomalies.
As in the same quantum mechanical example, we can check the independence of the
bulk values of b and characterize the dependence on the bulk values of B by considering
the bulk terms on a closed four-manifold M4. Then the integrals of the various F ∧ F
8 We thank E. Witten for a useful discussion about the Haldane chain.
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terms of B should be expressed in terms of characteristic classes of B. These characteristic
classes characterize the ’t Hooft anomalies.
Some of these characteristic classes are related to various discrete θ-parameters. We
have already seen such a discrete θ-parameter in (1.10). Below we will encounter the
discrete θ-parameter of [60], which is associated with the Pontryagin square operation
P(w2) [61,62]. As in [51,52], these can be represented by a two-form field B with a (3+1)d
coupling B ∧ B. This coupling is gauge invariant on a manifold without boundary. But
when a boundary is present, this term has an anomaly. The anomaly is canceled by having
an appropriate boundary theory, which has the opposite anomaly. For a (0+1)d boundary
we have already seen that around (1.10), while below we will see examples with a (2+ 1)d
boundary.
It is well known that in (3+1) dimensions, ’t Hooft anomaly matching conditions lead
to powerful consistency constraints on the IR behavior of a theory and on its possible dual
descriptions. Consider first the simpler case of GUVA = G
UV
B . Then the ’t Hooft anomaly,
which is the obstruction on the theory to be purely (2+1)-dimensional, must be the same
on the two sides of the duality. In other words, if we need to couple the theory to a (3+1)d
bulk and add some bulk terms with coefficients θ, these bulk terms should be the same in
the two dual theories. Such θ-parameters can be ordinary or discrete ones. More precisely,
θ should be the same, but the boundary counterterms KA and KB in the two theories
can be different, provided they are properly quantized. This condition is the same as the
celebrated ’t Hooft anomaly matching.
In the more interesting case that GUVA 6= G
UV
B , we can use the constraint in the UV
by coupling background fields to the common subgroup GUVA
⋂
GUVB . Their θ must be the
same on the two sides of the duality. The IR theory can then be coupled to GIRA = G
IR
B
gauge fields and this analysis also allows us to determine the value of θ for these fields.
Again, we will see examples of that below.
1.3. Outline
In Section 2 we check ’t Hooft anomaly matching in the dualities (1.1)-(1.2). This is
both an example of our methods and a nontrivial new test of those dualities.
In Section 3 we focus on some interesting special cases of the dualities with gauge
group U(1) ∼= SO(2) and SU(2) ∼= USp(2), either in the fermionic or the bosonic side.
Such theories participate in more than one duality in (1.1)-(1.2). This leads to new tests of
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the dualities and to deeper insights into their dynamics. We also use those special cases to
analyze theories with a surprising quantum SO(3) global symmetry in the IR, as in fig. 1.
In Section 4 we follow [46,39] and consider in detail a fermion/fermion duality that
leads to an enhanced O(4) global symmetry. We extend previous discussions of this sys-
tem by paying close attention to the global structure of the global symmetry and to the
counterterms. This allows us to find the precise anomaly in O(4) and time-reversal, and
to restore those symmetries by adding appropriate bulk terms.
In Section 5 we analyze the phase diagram of systems with global SO(5) symmetry
and clarify some possible confusions about various fixed points with that global symmetry.
Appendix A derives the induced Wess-Zumino term in the model of Section 5, while
Appendix B describes carefully the duality of [47] paying attention to the proper quantiza-
tion of CS couplings, to the spin/charge relation, to the global structure of the symmetry
group, and to the bulk terms. In Appendix C we discuss more examples of ’t Hooft
anomalies.
2. ’t Hooft Anomalies and Matching
We start by determining the ’t Hooft anomalies in the following theories:
SU(N)k with Nf Φ ←→ U(k)
−N+
Nf
2
with Nf Ψ
U(N)k with Nf Φ ←→ SU(k)
−N+
Nf
2
with Nf Ψ .
(2.1)
The dualities are valid only for Nf ≤ N , but we will determine the symmetries and
anomalies for generic integer values of N , k, Nf . Here and in the following, to be concise,
we indicate complex scalars as Φ, real scalars as φ, complex fermions as Ψ and real fermions
as ψ.
All four theories have a naive global symmetry SU(Nf ) × U(1)⋊ Z
C
2 , where the last
factor is charge conjugation. In the theories with SU gauge group, the first two factors
combine into a manifest U(Nf ) acting on the scalars or fermions. In the theories with
U gauge group, SU(Nf ) acts on the scalars or fermions, while the Abelian factor is the
magnetic U(1)M , whose charge is the monopole number. However the faithfully-acting
symmetry G is a quotient thereof, which as we will soon see is
(
U(Nf )/ZN
)
⋊ Z
C
2 in the
11
first line of (2.1) and
(
U(Nf )/Zk
)
⋊ Z
C
2 in the second line, as summarized in (1.6).
9 For
Nf ≤ N this is a check of the dualities.
There might be an obstruction—an ’t Hooft anomaly—to turning on background
gauge fields for G. We will show that the obstruction is the same on the two sides of the
dualities, thus providing a nontrivial check of them.
2.1. Global symmetry
The first step is to identify the global symmetry that acts faithfully on the four theories
in (2.1). To do that, we analyze the local gauge-invariant operators.
Let us start with SU(N)k with Nf scalars. There is a U(Nf ) symmetry that acts on
the scalars in the fundamental representation, but only U(Nf )/ZN acts faithfully on gauge
invariants. In the absence of a magnetic symmetry, monopole operators do not change this
result (since GNO flux configurations [63] are continuously connected to the vacuum).
There is also a charge-conjugation symmetry ZC2 that exchanges the fundamental with
the antifundamental representation, therefore the symmetry is
(
U(Nf )/ZN
)
⋊Z
C
2 . By the
same argument, SU(k)
−N+
Nf
2
with Nf fermions has
(
U(Nf )/Zk
)
⋊ Z
C
2 symmetry.
Next consider U(k)
−N+
Nf
2
with Nf fermions. The bare CS level is −(N −Nf ). There
is an SU(Nf ) symmetry that acts on the fermions in the fundamental representation
and a U(1)M magnetic symmetry, whose charge is the monopole number. A monopole
configuration of monopole number QM has gauge charge (Nf−N)QM under U(1) ⊂ U(k).
To form gauge invariants we dress the monopole with fermionic fields and their conjugates,
and the net number of fundamentals minus antifundamentals is (N −Nf )QM . Therefore
the operators are in SU(Nf ) representations of Nf -ality NQM mod Nf . We can then
combine SU(Nf ) with an N -fold multiple cover of U(1)M to form U(Nf ), and gauge-
invariant local operators give representations of U(Nf )/ZN . Going to the multiple cover
is natural from the point of view of the duality, since a monopole of charge 1 under U(1)M
is mapped to a baryon of charge N under U(1) ⊂ U(Nf ) [64].10 Charge conjugation acts
9 In the special cases of U(k)Nf/2 with Nf Ψ and U(N)0 with Nf Φ the global symmetry is
SU(Nf )/ZNf × U(1)M ⋊ Z
C
2 , which is isomorphic to U(Nf )/ZNf ⋊ Z
C
2 (see footnote 6). The
scalar theory is also time-reversal invariant. More care has to be used in the case of SU(2) gauge
group, as explained in Section 3.
10 Instead of going to the multiple cover and then take the ZN quotient, we can represent the
symmetry group as
(
SU(Nf )×U(1)M
)
/ZNf where ZNf is generated by g = (e
−2pii/Nf 1I, e2piiN/Nf ).
This ZNf has a Zd subgroup generated by g
Nf/d, where d = gcd(N,Nf ), which acts only on
SU(Nf ). Therefore, only the representations of SU(Nf )/Zd appear.
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both on SU(Nf ) and U(1)M , therefore the full symmetry is
(
U(Nf )/ZN
)
⋊ Z
C
2 . In the
case that N = 0 the symmetry is
(
U(Nf )/ZNf
)
⋊ Z
C
2 .
By the same argument, U(N)k with Nf scalars has a faithfully-acting symmetry(
U(Nf )/Zk
)
⋊ Z
C
2 . When k = 0 the symmetry is
(
U(Nf )/ZNf
)
⋊ Z
C
2 × Z
T
2 .
2.2. Background fields
Now we turn on a background for the SU(Nf )× U(1) symmetry of the four theories
in (2.1), which can always be done, and analyze under what conditions the background
gauge fields can be extended to U(Nf )/ZN or U(Nf )/Zk bundles.
Consider SU(N)k with Nf scalars. Turning on background gauge fields with generic
CS counterterms we obtain the theory
SU(N)k × SU(Nf )L × U(1)J
ZN × ZNf
with Φ in (N,Nf , 1) . (2.2)
The ZN quotient acts anti-diagonally on SU(N) and the Abelian factor by a phase rotation
e2pii/N , while ZNf acts anti-diagonally on SU(Nf ) and the Abelian factor by e
2pii/Nf . The
quantization conditions on CS counterterms are
L ∈ Z , J −Nk ∈ N2Z , J −NfL ∈ N
2
fZ , J ∈ NNfZ . (2.3)
The first condition comes from the SU(Nf ) factor. The second and third conditions come
from the separate quotients by ZN and ZNf , respectively. The last condition ensures that
the generators of ZN and ZNf have trivial braiding and one can take the simultaneous
quotient.
The equations in (2.3) have solutions in L, J , if and only if k = 0 mod gcd(N,Nf ). If
this is not the case, there is an ’t Hooft anomaly and the theory with background is not
consistent in (2 + 1)d. One can make sense of the theory on the boundary of a (3 + 1)d
bulk, but then there is an unavoidable dependence on how the classical background fields
are extended to the bulk. We will express the anomaly below.
Now consider U(k)
−N+
Nf
2
with Nf fermions. With background gauge fields we obtain
U(k)
−N+
Nf
2
× SU(Nf )L+ k
2
with Ψ in (k,Nf ), magnetic U(1)Kf and /ZNf . (2.4)
We stress that the magnetic U(1) is coupled to U(k) by a mixed CS term. The quotient by
ZNf acts on SU(Nf ) and the two Abelian factors. We have chosen to parametrize the CS
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counterterms in a way that matches the dual description (2.2) when the duality is valid.
Then the topological symmetry U(1)Kf has CS counterterm
11 Kf =
J−Nk
N2 . To see that,
we mass deform the scalar theory by ±|Φ|2 and the fermionic theory by ∓ΨΨ. The two
resulting topological theories are identified, exploiting level-rank duality on the dynamical
fields.12 The map of CS counterterms for the U(1) global symmetry was already discussed
in [39].
The quantization condition for SU(Nf )L+ k
2
with k fermions is L ∈ Z, which repro-
duces the first condition in (2.3). The topological factor U(1)Kf determines the condition
Kf ∈ Z, which reproduces the second one in (2.3). To understand the ZNf quotient,
consider the Abelian factors:
LAbelian = −
k(N −Nf )
4π
aˆdaˆ+
k
2π
aˆdB +
Kf
4π
BdB , (2.5)
where we have indicated as aˆ1Ik the Abelian factor in U(k). The equations of motion are
as follows (neglecting the matter contribution):
k(Nf −N) daˆ+ k dB = 0
k daˆ+Kf dB = 0 .
(2.6)
We are after a ZNf one-form symmetry—then the matter contribution is canceled by
a rotation in the center of SU(Nf ). An integer linear combination of the equations in
(2.6) gives Nfk daˆ +
J
N dB = 0, which describes a ZNf one-form symmetry, if and only if
J ∈ NNfZ. This reproduces the fourth condition in (2.3). The generator of the one-form
symmetry is the line
WNf = k
∮
aˆ+
J
NNf
∮
B with spin S
(
WNf
)
=
J +Nfk
2N2f
mod 1 . (2.7)
To perform the ZNf quotient in the fermionic theory we combine WNf with the ZNf
generator of SU(Nf ). The spin of the latter is −(L + k)/2Nf mod 1 (since the bare CS
counterterm of SU(Nf ) is L + k). The ZNf quotient is well-defined if its generator has
integer or half-integer total spin,
J +Nfk
2N2f
−
L+ k
2Nf
∈
Z
2
, (2.8)
11 It can be interpreted as the ZN quotient of U(1)J−Nk.
12 We cannot use level-rank duality on the background fields, which are not integrated over in
the path-integral.
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which reproduces the third condition in (2.3). Thus the ’t Hooft anomaly is the same on
the two sides of the duality (2.1).
The discussion in the other two cases is similar. Consider SU(k)
−N+
Nf
2
with Nf
fermions first. Turning on background gauge fields we have
SU(k)
−N+
Nf
2
× SU(Nf )L+ k
2
× U(1)
J+
kNf
2
Zk × ZNf
with Ψ in (k,Nf , 1) . (2.9)
Taking into account the bare CS levels, the quantization conditions are
L ∈ Z , J + kN ∈ k2Z , J −NfL ∈ N
2
fZ , J ∈ kNfZ . (2.10)
They have solutions, if and only if N = 0 mod gcd(k,Nf ), otherwise there is an ’t Hooft
anomaly.
Next consider U(N)k with Nf scalars. With background gauge fields we have
U(N)k × SU(Nf )L with Φ in (N,Nf ), magnetic U(1)Ks and /ZNf . (2.11)
The CS counterterms are chosen to match with those in (2.9) when the duality is valid,
with Ks =
J+kN
k2
. The SU(Nf ) and U(1) factors give the quantization conditions L ∈ Z
and Ks ∈ Z, respectively. An integer linear combination of the equations of motion for the
Abelian factors is (J/k) dB = 0 (where B is the U(1)Ks background gauge field) which
describes a ZNf one-form symmetry, if and only if J ∈ kNfZ. Such a one-form symmetry
is generated by the lineWNf =
J
kNf
∮
B with spin J/2N2f mod 1. This has to be combined
with the generator in SU(Nf )L, and the condition that the total spin be in
1
2Z reproduces
the third condition in (2.10). Thus, all conditions in (2.10) are reproduced and the anomaly
matches across the duality.
We should emphasize again that if we are only interested in the naive global symmetry
group Gnaive = SU(Nf )×U(1), which does not act faithfully, there is no problem turning
on background gauge fields. The issue is only in considering gauge fields of the quotient
group. In that case we can attach the system to a bulk, extend the fields to the bulk and
replace the Chern-Simons terms by F ∧ F type terms there. Then the point is that the
resulting theory depends on the extension. From this perspective, the ’t Hooft anomaly
matching is the statement that we can use the same bulk with the same background fields
there and attach to it either of the two dual theories on the boundary.
Consider the theory SU(N)k with Nf scalars in (2.2). To express the dependence on
the bulk fields, we proceed as follows. A U(Nf )/ZN bundle can be represented by two
15
correlated bundles, PSU(Nf ) and U(1)/ZD, where we set D = lcm(N,Nf ) =
NNf
d and
d = gcd(N,Nf ). We define w
(Nf )
2 ∈ H
2(M4,ZNf ) as the second Stiefel-Whitney class
of the PSU(Nf ) bundle, and F˜ = DF (in terms of the U(1) field strength F ) as the
well-defined field strength of the U(1)/ZD bundle. Then the correlation between the two
bundles is expressed by the fact that
F˜
2π
=
Nf
d
w
(N)
2 +
N
d
w
(Nf )
2 mod D (2.12)
for some class w
(N)
2 ∈ H
2(M4,ZN ). Such a class is the obstruction to lift a U(Nf )/ZN
bundle to a U(Nf ) bundle.
Now consider a general bundle for the group in (2.2). The PSU(N) bundle associated
to the dynamical fields is correlated with the U(Nf )/ZN bundle such that their Stiefel-
Whitney classes are equal: w2
(
PSU(N)
)
= w
(N)
2 . Therefore the dependence on the bulk
fields is completely fixed by the classical U(Nf )/ZN background. Such a dependence is
described by
Sanom = 2π
∫
M4
[
−
k
N
P(w
(N)
2 )
2
−
L
Nf
P(w
(Nf )
2 )
2
+
J
D2
F˜ 2
8π2
]
. (2.13)
The integral is on a closed spin four-manifoldM4, and P is the Pontryagin square operation
[61,62] such that P(w
(N)
2 )/2 ∈ H
4(M4,ZN ), etc. (for more details see [60] and references
therein). We say that eiSanom captures the phase dependence of the partition function on
the bulk extension of the U(Nf )/ZN bundle, in the sense that given two different extensions
one can glue them into a closed manifoldM4 and then eiSanom is the relative phase of the
two partition functions.
If we choose J ∈ DZ, then we can substitute the square of (2.12) into (2.13) to
obtain13
Sanom = 2π
∫
M4
[
J −Nk
N2
P(w
(N)
2 )
2
+
J −NfL
N2f
P(w
(Nf )
2 )
2
+
J
NNf
w
(N)
2 ∪w
(Nf )
2
]
, (2.14)
which is well-defined modulo 2π. From this expression it is clear that if we can solve the
constraints in (2.3), then eiSanom = 1 and there is no anomaly. On the other hand, it is
always possible to make a suitable choice of L, J such that Sanom reduces to
Sanom = −2π
(k mod d)
N
∫
M4
P(w
(N)
2 )
2
. (2.15)
13 If J 6∈ DZ then (2.13) contains more information than w
(N)
2 and w
(Nf )
2 .
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We can regard this as a minimal expression for the anomaly.
As we have shown, the anomaly in U(k)
−N+
Nf
2
with Nf fermions is the same as in
(2.13). However one has to remember that the U(1) in (2.13) is an N -fold multiple cover
of U(1)M . The special case N = 0 is discussed in Appendix C. The other two cases are
similar, with an obvious substitution of parameters, and are presented in Appendix C.
Although we checked the anomaly matching separately for the two dualities, in fact
they are related by performing S, T operations on the U(1) symmetry [65,39]. Since the
operations add equal terms on both sides, the change in the bulk dependence on both
sides must be equal, and thus the anomaly must still match. The anomaly also matches
for other dualities obtained from them by S, T operations, such as the last two dualities
in (1.1).
In general, the anomaly is characterized by bulk terms that are meaningful on closed
manifolds, but anomalous when there is a boundary.14 This is true for the anomaly (2.13)
where P(w2) is meaningful only on a closed manifold, and it is also true for the two
examples discussed in Section 1.2.
Although we do not need it for the dualities, it is nice to demonstrate our general
analysis of the anomaly by specializing it to a U(1) gauge theory of scalars with k = 0.
Ignoring charge conjugation, the global symmetry is
(
SU(Nf )/ZNf
)
×U(1)M . The scalars
are coupled to a U(Nf ) gauge field B, where the U(1) ⊂ U(Nf ) gauge field b is dynamical.
More precisely, b satisfies Nf b = TrB. Therefore, the coupling to the magnetic U(1)M
background field BM is the ill-defined expression
1
2piNf
(TrB)dBM that needs to be moved
to the bulk. This highlights that the global symmetry suffers from ’t Hooft anomalies,
which are characterized by the bulk term
Sanom = 2π
∫
1
Nf
w2
(
PSU(Nf )
)
∪
dBM
2π
. (2.16)
This discussion is analogous to a similar example in [66]. See Appendix C for more details.
2.3. Symplectic gauge group
We conclude this section by briefly analyzing the ’t Hooft anomalies in the two theories
USp(2N)k with Nf Φ ←→ USp(2k)
−N+
Nf
2
with Nf Ψ . (2.17)
14 We thank Dan Freed for a useful discussion about this point.
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Again, the dualities are valid only for Nf ≤ N , but we will study these theories for
generic integer values of N, k,Nf . Since there is no magnetic symmetry, the faithfully-
acting symmetry G is the one acting on gauge invariants constructed out of the scalars or
fermions, which is USp(2Nf )/Z2 in both cases.
Coupling the two theories to a generic background, we obtain
USp(2N)k × USp(2Nf )L
Z2
with Φ in (2N, 2Nf ) ←→
USp(2k)
−N+
Nf
2
× USp(2Nf )L+k
2
Z2
with Ψ in (2k, 2Nf ) .
(2.18)
Recall that the scalars and fermions are in a pseudo-real representation, therefore they are
subject to a symplectic reality condition. The CS counterterms are chosen in such a way
that they match when the theories are dual. The quantization conditions are
Nk +NfL ∈ 2Z (2.19)
together with L ∈ Z in both theories. This provides ’t Hooft anomaly matching for the
duality [45].
When Nk is odd and Nf is even, (2.19) cannot be solved and we have an ‘t Hooft
anomaly. The anomaly is captured by the bulk term
Sanom = π
∫
M4
P(w2)
2
, (2.20)
where w2 is the second Stiefel-Whitney class of the USp(2Nf )/Z2 bundle. Given two
different extensions of the bundle, eiSanom = ±1 (evaluated on their gluing M4) is the
relative sign of the two partition functions.
3. Quantum Global Symmetries from Special Dualities
Infrared dualities provide alternative descriptions of the same IR physics. It might
happen that one description, say TA, makes a symmetry transformation manifest all along
its RG flow, while the same symmetry is not present in the other description, say TB. Then,
duality predicts that TB develops the symmetry quantum mechanically in the IR, because
of strong coupling. In this section we survey various dualities at our disposal [35,38,39,45]
and examine in what cases they predict a quantum enhancement of the global symmetry
in the IR.
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The theories we consider have Nf scalars or fermions in the fundamental representa-
tion. For gauge group U they have a naive global symmetry SU(Nf ) × U(1)M ⋊ Z
C
2 , for
gauge group SU have symmetry U(Nf )⋊Z
C
2 , for gauge group SO have O(Nf )×Z
M
2 ×Z
C
2 ,
and for gauge group USp have USp(2Nf ). In addition, they might have time-reversal
symmetry depending on the CS level. We have analyzed in Section 2 how Chern-Simons
interactions determine the faithfully-acting subgroup, and the result for large enough val-
ues of N is summarized in (1.6).
The special cases U(1) ∼= SO(2) and SU(2) ∼= USp(2) need special attention.
Fermionic theories with SO(2) gauge group have SU(Nf ) × U(1)M ⋊ Z
C
2 naive symme-
try (as seen in the U(1) language) and fermionic theories with SU(2) gauge group have
USp(2Nf ) (as seen in the USp(2) language).
For scalar theories there are two subtleties to take into account. First, when using
these theories in dualities Nf is restricted (Nf ≤ N in SU/U and USp dualities, while
Nf ≤ N − 2 for k = 1, Nf ≤ N − 1 for k = 2, and Nf ≤ N for k > 2 in SO dualities).
Second, in the scalar theories we turn on quartic couplings in the UV and we must analyze
their global symmetries.
The U(1) ∼= SO(2) theory with one scalar (Nf = 1) has only a single gauge-invariant
quartic coupling (ΦΦ†)2. The theory preserves a U(1)M global symmetry, not present in
generic SO(N) theories. The theory with Nf = 2 scalars has a single gauge-invariant
SU(2)-invariant quartic coupling (ΦiΦ†i )
2. However, this theory does not participate in
the SU/U dualities. The SO dualities use this theory for k > 2, but they require only
SO(2) ⊂ SU(2) invariance (in addition to the U(1)M global symmetry). There are two
quartic couplings that respect that symmetry, (ΦiΦ†i )
2 and ΦiΦiΦ†jΦ
†
j , and the SO(2)k
theories with those two couplings have SO duals.
The USp(2) ∼= SU(2) theory with one scalar (Nf = 1) has a single gauge-invariant
quartic coupling (ΦaΦ†a)
2 which preserves a global SO(3) symmetry. The same theory with
Nf = 2 has several gauge-invariant quartic couplings. One of them is SO(5) invariant,
(ΦaiΦ†ai)
2. However, this theory does not participate in the USp dualities. There are two
distinct gauge-invariant quartic couplings that preserve an SO(3)× O(2) ⊂ SO(5) global
symmetry, the previous one and ΦaiΦ†ajΦ
bjΦ†bi. These two couplings are assumed to be
present in the theories with SU/U duals.
In the following, we analyze in detail these low-rank cases.
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3.1. U(1)k with 1 Φ
We exploit that U(1)k with 1 Φ ∼= SO(2)k with 1 φ. The SO duality requires Nf = 1
if k = 2 and Nf ≤ 2 if k > 2. The SU/U duality requires Nf = 1. Therefore consider
Nf = 1 and k ≥ 2. There is only one quartic term in the U(1)k ∼= SO(2)k scalar theory
and the following fixed points are all the same:
SU(k)− 1
2
with 1 Ψ ←→ U(1)k with 1 Φ ∼= SO(2)k with 1 φ
U(k + 1)− 1
2
, 1
2
+k with 1 Ψ ←→
xy
U(k − 1)− 1
2
, 1
2
−k with 1 Ψ ←→ SO(k)− 3
2
with 1 ψ
(3.1)
In the generic case the fixed point has U(1) ⋊ ZC2
∼= O(2) symmetry, which is a quantum
symmetry in the fermionic SO(k)− 3
2
theory. In the special case k = 2 the symmetry
becomes SO(3), which is visible in the SU(2)− 1
2
fermionic theory while it is a quantum
symmetry in all other descriptions. This case is precisely the one in fig. 1, indeed the scalar
theory is the third example in (1.3).
3.2. U(1)
−N+
Nf
2
with Nf Ψ
We exploit that U(1)
−N+
Nf
2
with Nf Ψ ∼= SO(2)
−N+
Nf
2
with Nf ψ. The SO duality
requires Nf ≤ N − 1. Then the following fixed points coincide:
SU(N)1 with Nf Φ ←→ U(1)
−N+
Nf
2
with Nf Ψ ∼= SO(2)
−N+
Nf
2
with Nf ψ
U(N + 1)1,−N with Nf Φ ←→
xy
U(N − 1)1,N with Nf Φ ←→ SO(N)2 with Nf φ
(3.2)
In the generic case there is a
(
U(Nf )/ZN
)
⋊Z
C
2 symmetry, which is a quantum symmetry
in the SO(N)2 bosonic description. In the special case N = 2 and Nf = 1, the fixed point
coincides with (3.1) with k = 2 (this case is the one in fig. 1 and in the third line of (1.3)).
The symmetry becomes SO(3), which is visible in the SU(2)1 bosonic theory while it is a
quantum symmetry in the other descriptions.
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3.3. SU(2)k with 1 Φ
We exploit SU(2)k ∼= USp(2)k. In the case Nf = 1 both the SU/U and USp dualities
are valid. The scalar theory has only one quartic gauge invariant, thus the two dualities
share the same fixed point:
SU(2)k with 1 Φ ←→ USp(2k)− 1
2
with 1 Ψxy
U(k)− 3
2
with 1 Ψ
(3.3)
The two theories in the first row have manifest SO(3) symmetry. The theory in the
second row only has U(1)M ⋊Z
C
2 classically visible, thus it has enhanced quantum SO(3)
symmetry. In the special case k = 1, the fixed point coincides with (3.1) with k = 2 (as in
fig. 1 and third line of (1.3)).
3.4. SU(2)k with 2 Φ
We could write the theory as USp(2)k with 2 Φ, which has N = 1 and Nf = 2,
however the USp duality requires Nf ≤ N and so it is not valid. The SU/U duality,
instead, is valid. In such a duality the scalar theory has two quartic terms, singlets under(
U(2)/Z2
)
⋊ Z
C
2
∼= SO(3) × O(2). One term can be written as O21, where O1 is the
quadratic gauge-invariant SO(5)-invariant operator (the subscript indicates the SO(5)
representation). The other term is one of the components of O14 (a symmetric traceless
rank-2 tensor of SO(5)) with the choice of coupling λ14 ∝ diag(−3,−3, 2, 2, 2), which
breaks SO(5) to SO(3) × O(2). (As we discuss later in Section 5, different signs of λ14
could lead to two distinct fixed points. Here we choose the sign that produces the fixed
point involved in the SU/U duality.) Tuning λ14 = 0 in the scalar theory gives a different
fixed point with SO(5) symmetry. The flows are summarized as follows:
SU(2)k with 2 Φ
λ1,λ14
−→ CFT with SO(3)×O(2) ←− U(k)−1 with 2 Ψ
λ1
y
CFT with SO(5)
(3.4)
This example, discussed at length in Section 5, does not develop quantum symmetries.
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3.5. SU(2)
−N+
Nf
2
with Nf Ψ
Both SU/U and USp dualities require Nf ≤ N . The two dualities have common
fermionic theory and thus the fixed points are the same:
SU(2)
−N+
Nf
2
with Nf Ψ ←→ USp(2N)1 with Nf Φxy
U(N)2 with Nf Φ
(3.5)
The fixed point has USp(2Nf )/Z2 symmetry, which is a quantum symmetry in the bosonic
U(N)2 theory. When N = Nf = 1, the fixed point coincides with (3.1) with k = 2 (as in
fig. 1 and the third line of (1.3)).
3.6. Examples with Quantum SO(3) Symmetry and ’t Hooft anomaly matching
Consider the examples with enhanced SO(3) symmetry, specifically the family of
CFTs in (3.3) parametrized by k and the family in (3.5) with Nf = 1 parametrized by
N . We have already checked in Section 2 that the ’t Hooft anomaly for the manifest
symmetry matches across the various dualities. In the case of quantum symmetries, some
description does not have the full symmetry GIR manifest in the UV, and therefore we can
only couple the UV theory to a background for the subgroup GUV ⊂ GIR. Still, we can
check that the CS counterterms for GUV, when forced to be embeddable in GIR, present
the same obstruction as the ’t Hooft anomaly for GIR. This in general provides a check of
the quantum enhancement. In the examples with enhanced SO(3) symmetry, the ’t Hooft
anomaly vanishes in all descriptions.
Combining the dualities in (3.1) and (3.2) we obtain six dual descriptions for the CFT
with SO(3) global symmetry that appeared in the third line of (1.3) and in fig. 1:
U(1)2 with 1 Φ ←→ SU(2)1 with 1 Φ ←→ U(3)1,−2 with 1 Φxy xy xy
U(1)− 3
2
with 1 Ψ ←→ SU(2)− 1
2
with 1 Ψ ←→ U(3)− 1
2
, 5
2
with 1 Ψ
(3.6)
The first two columns are special cases of the discussion above (and had already been con-
sidered in [45]). The two theories in the last column can be coupled to a U(1) background
for the maximal torus of SO(3) with Lagrangians
U(3)1,−2 with 1 Φ → L = |DaΦ|
2 − |Φ|4 +
1
4π
Tr
(
ada− 2i3 a
3
)
−
3
4π
(Tr a)d(Tra)
+
1
2π
(Tr a)dB +
1
4π
(
Ks−3
2
)
BdB
U(3)− 1
2
, 5
2
with 1 Ψ → L = iΨ/DaΨ+
3
4π
(Tr a)d(Tr a) +
(Tr a)dB
2π
+
1
4π
(
Ks+3
2
)
BdB
(3.7)
where the parameter Ks is identified with the level of the SU(2)Ks/Z2
∼= SO(3)Ks/2 back-
ground in the upper middle description in (3.6). The needed CS counterterms have been
computed in [39]. In all six cases, the CS counterterms are well-defined for Ks + 1 ∈ 2Z,
providing a check of the dualities.
4. Example with Quantum O(4) Symmetry: QED with Two Fermions
In this section we consider three-dimensional QED, i.e. U(1)0, with two fermions of
unit charge. As first observed in [46], this model enjoys self-duality. The analysis of
[39] paid more attention to global aspects of the gauge and global symmetries and to
the Chern-Simons counterterms. Here we continue that analysis and discuss in detail the
global symmetry and its anomalies. In particular, we will show that the IR behavior of this
model has a global O(4) symmetry and time-reversal invariance T, but these symmetries
have ’t Hooft anomalies. As in previous sections, various subgroups or multiple covers of
this symmetry are anomaly free and can be preserved in a purely (2+ 1)d model. We also
add bulk terms to restore the full global symmetry.
4.1. QED3 with two fermions
We consider a pair of dual UV theories flowing to the same IR fixed point. As in [39],
we start with a purely (2 + 1)d setting and study15
iΨ1 /Da+XΨ
1 + iΨ2 /Da−XΨ
2 +
1
4π
ada+
1
2π
adY −
1
4π
Y dY + 2CSgrav
←→ iχ1 /Da˜+Y χ
1 + iχ2 /Da˜−Y χ
2 +
1
4π
a˜da˜+
1
2π
a˜dX −
1
4π
XdX + 2CSgrav
(4.1)
15 CSgrav is a gravitational Chern-Simons term defined as
∫
M=∂X
CSgrav =
1
192pi
∫
X
TrR ∧ R.
In this section we also use that the partition function of U(N)1 is reproduced by the classical
Lagrangian −2NCSgrav. See [49,38] for details.
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where a, a˜ are dynamical U(1) gauge fields (more precisely they are spinc connections [49])
while Ψ1,2, χ1,2 are complex fermions.
We would like to identify the global symmetry of the model. The UV theory in the
left side of (4.1) has a global SU(2)X × O(2)Y symmetry. The explicit background field
X couples to U(1)X ⊂ SU(2)X and Y couples to U(1)Y ⊂ O(2)Y . The Z2 ⊂ O(2)Y
transformation CY acts as charge conjugation: CY (Y ) = −Y , CY (a) = −a, CY (X) = X ,
CY (Ψi) = ǫijΨ
j
, hence it commutes with SU(2)X . Similarly, the UV theory in the right
side has a SU(2)Y ×O(2)X symmetry which includes a CX transformation. We will soon
see that they do not act faithfully.
Before we identify the global symmetry of the IR theory, we should find the precise
global symmetry of the UV theories (4.1). First we study how local operators transform
under SU(2)X × U(1)Y in the left side of the duality (4.1). A gauge-invariant polynomial
made out of Ψi, Ψi and derivatives has even U(1)
X charge corresponding to SU(2)X isospin
jX ∈ Z, and it is neutral under U(1)Y . A monopole of a has U(1)Y charge QY = 1 and
U(1)a charge 1. In order to make it gauge invariant, we must multiply it by a fermion,
thus making the operator have jX = 12 .
16 More generally, it is easy to see that all gauge
invariant operators have 2jX +QY ∈ 2Z.
As in the previous sections, this means that the dynamical U(1)a and the classical
SU(2)X × O(2)Y should be taken to be
(
U(1)a × SU(2)X × O(2)Y
)
/Z2 and the global
symmetry that acts faithfully is
(
SU(2)X ×O(2)Y
)
/Z2.
A similar argument can be used in the right hand side of (4.1) showing that the global
symmetry there is
(
SU(2)Y × O(2)X
)
/Z2. The duality (4.1) means that the IR theory
should have the union of these two symmetries SO(4) ∼=
(
SU(2)X × SU(2)Y
)
/Z2.
17 Also,
the duality means that the theory is invariant under a transformation ZC2 that exchanges
X ↔ Y , thus the global symmetry is really O(4) ∼= SO(4) ⋊ ZC2 . The Lagrangians in
(4.1) use only U(1)X × U(1)Y gauge fields and in terms of these the global symmetry is(
O(2)X ×O(2)Y
)
/Z2 ⋊ Z
C
2 .
16 It is easy to see that the basic monopole operators can have spin zero. More generally,
our theory satisfies the spin/charge relation with a the only spinc connection. Therefore, all
gauge-invariant local operators must have integer spin.
17 The additional conserved currents in the IR are provided by monopole operators of magnetic
charge ±2 dressed by two fermion fields with flavor indices contracted, schematically M(−2)ΨΨ
and their conjugates. The fermions are contracted symmetrically with respect to Lorentz indices
to give spin one, then by Fermi statistics flavor indices are antisymmetric giving a flavor singlet.
24
In addition, in the absence of background fields (i.e. as long as we consider correlators
at separate points) the theory is clearly time-reversal invariant:18
T
[
iΨ1 /Da+XΨ
1 + iΨ2 /Da−XΨ
2 +
1
4π
ada+
1
2π
adY −
1
4π
Y dY + 2CSgrav
]
= iΨ1 /Da+XΨ
1 + iΨ2 /Da−XΨ
2 +
1
4π
ada+
1
2π
adY +
2
4π
XdX +
1
4π
Y dY + 2CSgrav ,
(4.2)
where T(a) = a, T(X) = X , T(Y ) = −Y . Of course, we can combine this transformation
with CY and/or with an element of SU(2)X . With a background, the theory is time-
reversal invariant up to the anomalous shift 2
4pi
(XdX + Y dY ). This anomaly should not
be surprising. The U(1)X symmetry is embedded into SU(2)X and in terms of that, the
functional integral over Ψ leads to an η-invariant (that can be described imprecisely as
SU(2)X
− 1
2
) which has a time-reversal anomaly. Note that in the other side of the duality
this transformation must act as T(a˜) = −a˜.
Next, we would like to examine whether the Z2 quotient of U(1)
X×U(1)Y is anomalous
or not. Since we should take the quotient
(
U(1)a×U(1)X×U(1)Y
)
/Z2 (and similarly with
U(1)a˜), this means that the fluxes of a, a˜, X, Y are no longer properly quantized, but a±X ,
a˜ ± Y are properly quantized spinc connections and X ± Y are properly quantized U(1)
gauge fields. A simple way to implement it is to change variables a→ a−X , a˜→ a˜ − Y
in (4.1) such that a, a˜ become ordinary spinc connections:
−
2Y dY
4π
+ iΨ1 /DaΨ
1+iΨ2 /Da−2XΨ
2 +
ada
4π
+
ad(Y −X)
2π
+
(X − Y )d(X − Y )
4π
+ 2CSgravxy
−
2XdX
4π
+ iχ1 /Da˜χ
1+iχ2 /Da˜−2Y χ
2 +
a˜da˜
4π
+
a˜d(X − Y )
2π
+
(X − Y )d(X − Y )
4π
+ 2CSgrav .
(4.3)
Except for the first term in each side, namely − 2
4pi
Y dY and − 2
4pi
XdX , all the terms are
properly normalized Chern-Simons terms under the quotient gauge group.
The existence of these terms means that the two dual UV theories (4.1) have an
’t Hooft anomaly preventing us from taking the Z2 quotient.
We can change this conclusion by adding appropriate counterterms, e.g. 2
4pi
XdX , to
the two sides of the duality (4.1) or equivalently (4.3). Denoting the Lagrangians in these
equations by L0(X, Y )←→ L0(Y,X), we set
L1(X, Y ) = L0(X, Y ) +
2
4π
XdX . (4.4)
18 When applying time reversal, one should be careful about the η-invariant from the regular-
ization of the fermion path-integral [38].
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This removes the first term in the right side of (4.3) and makes also the left side consistent
with the quotient. Then, we can place the UV theory in
(
U(1)X×U(1)Y
)
/Z2 backgrounds.
In the left side of the duality this term represents adding SU(2)X1 while in the right side
this interpretation is meaningful only in the IR theory. After this shift, the IR theory can
be placed in nontrivial SO(4) backgrounds. However, now the IR duality symmetry, which
exchanges X ↔ Y , is anomalous:
L1(X, Y ) ←→ L1(Y,X) +
2
4π
(XdX − Y dY ) , (4.5)
i.e. under the ZC2 transformation the IR theory is shifted by SU(2)
X
−1 × SU(2)
Y
1 .
To summarize, the global symmetry that acts faithfully is O(4), but we cannot couple
the system to background O(4) gauge fields. Starting with (4.1) we can couple it to
Pin±(4) background fields,19 or starting with (4.4) we can couple it to SO(4) background
fields.
4.2. Mass deformations
We can check the duality (4.1) by deforming both sides with fermion bilinear operators
in either the singlet or vector representation of the SU(2) flavor symmetry factors.
The deformation by the SO(4)-singlet mass term mΨiΨ
i was discussed in [39]. The
theory flows to the Lagrangians
−
2
4π
Y dY i .e. U(1)Y−2 ⊂ SU(2)
Y
−1 for m > 0 ,
−
2
4π
XdX i .e. U(1)X−2 ⊂ SU(2)
X
−1 for m < 0 .
(4.6)
This makes it clear that mΨiΨ
i is odd under Z2 ⊂ O(4). The result of the deformation
is consistent with the magnetic symmetry U(1)Y , U(1)X on two sides of the duality being
enhanced to SU(2)Y , SU(2)X respectively.
The SU(2)X triplet mass term20 m(Ψ1Ψ
1 − Ψ2Ψ
2) is in the (3, 3) representation
of SU(2)X × SU(2)Y . In fact, the duality (4.1) can be derived by combining two
fermion/fermion dualities involving a single fermion (e.g. see Section 6.3 of [39]), and from
there one finds that the SU(2)X triplet mass term maps to the SU(2)Y triplet mass term
19 Since in the IR there are no operators transforming in spinor representations of Spin(4), we
can extend O(4) to both Pin±(4).
20 We thank D. Gaiotto for a useful discussion about this deformation.
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m(χ1χ
1−χ2χ
2). The representation (3, 3) is completed by monopole operators M(−2)ΨΨ
and their conjugates, where now Lorentz indices are antisymmetric while flavor indices
are symmetric. The triplet mass term explicitly breaks the symmetry to U(1)X × U(1)Y .
Deforming the CFT (4.1) by this mass term leads to the low energy Lagrangians
1
2π
a d(Y +X)−
1
4π
(XdX + Y dY ) for m > 0 ,
1
2π
a d(Y −X)−
1
4π
(XdX + Y dY ) for m < 0 .
(4.7)
We see that the theory is not gapped: the photon a is massless and its dual is the Goldstone
boson of a spontaneously broken global symmetry. From (4.7) we see that the unbroken
symmetry is a diagonal mixture of U(1)X × U(1)Y . Under both deformations (4.6) and
(4.7) we find consistency of the duality.
We could entertain the possibility that the symmetry of the CFT be SO(5) ⊃ O(4).
That would imply that at the fixed point the O(4) invariant operator ΨiΨ
iΨjΨ
j sit in
the same representation 14 of SO(5) as Ψi(σ3)
i
jΨ
j , and share the same dimension. As
we just discussed, we can assume that the operator Ψi(σ3)
i
jΨ
j , which is relevant in the
UV, is relevant in the IR as well: this leads to a coherent picture. This would imply that
also the 4-Fermi interaction is relevant in the IR, and since it is irrelevant in the UV, it
would be a dangerously-irrelevant operator. Then, in order to reach the putative CFT
with SO(5) symmetry, one would need to tune the irrelevant operator ΨiΨ
iΨjΨ
j in the
UV. The theory we have been discussing in this section—QED with two fermions—does
not have such a tuning, and therefore it would not reach the SO(5) fixed point even if the
latter existed.
4.3. Coupling to a (3 + 1)d bulk
We have seen that the IR behavior of the UV theories (4.1) has an O(4) global symme-
try and time-reversal T. But these symmetries suffer from an ’t Hooft anomaly. We cannot
couple them to background gauge fields for these symmetries. We saw that depending on
the choice of counterterms we can have either Pin±(4) or SO(4) background fields, but
we cannot have O(4) background fields and in either case we do not have time-reversal
symmetry.
However, we can couple our (2+1)d system to a (3+1)d bulk and try to add background
gauge fields in the bulk such that the full global symmetry is realized.
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Let us start with the O(4) ∼=
(
SU(2)X × SU(2)Y
)
/Z2 ⋊ Z
C
2 symmetry. The bulk
couplings of these gauge fields are characterized by two θ-parameters, θX and θY . Because
of the Z2 quotient, they are subject to the periodicity
(θX , θY ) ∼ (θX + 2π, θY + 2π) ∼ (θX + 4π, θY ) (4.8)
and the semidirect product restricts to (θX , θY ) ∼ (θY , θX).
Consider a bulk term SB with (θX = −2π, θY = 0). For a closed four-manifold with
X and Y being Pin±(4) gauge fields, this bulk term is trivial. When X and Y are O(4)
gauge fields the partition function eiSB is ±1 and depends only on w2 of the gauge fields.
(More precisely, the sign is determined by the Pontryagin square P(w2)/2.) This means
that even for O(4) gauge fields the partition function is independent of most of the details
of X and Y in the bulk.
The ZC2 transformation, which exchanges X and Y , shifts the bulk term SB by the
term (θX = 2π, θY = −2π). On a closed four-manifold this shift has no effect on the
answers. But in the presence of a boundary it shifts the boundary Lagrangian by the
Chern-Simons terms of
(
SU(2)1 × SU(2)−1
)
/Z2. In other words, in the presence of a
boundary the bulk term SB has an anomaly under Z
C
2 .
Starting with the boundary theory (4.1) we add the boundary term in (4.4) and the
bulk term SB. Naively, this did not change anything. The bulk term might be thought
of as an SU(2)X−1 boundary Chern-Simons term and therefore it seems like it removes the
term added in (4.4). However, because of the quotients this conclusion is too fast. Instead,
the bulk term is meaningful for SO(4) fields and has an anomaly under ZC2 . The boundary
term we added in (4.4) made the boundary theory meaningful for SO(4) fields and created
an anomaly under ZC2 . Together, we have a theory with a bulk and a boundary with the
full O(4) symmetry.
Now that we have achieved an O(4) symmetry we can try to add additional terms to
restore time-reversal symmetry. We would like to add a bulk O(4) term that even with
a boundary does not have a ZC2 anomaly, but such that it compensates the anomaly in
time reversal (4.2). Clearly, we need to add a bulk term S′B with (θX = π, θY = π).
Without a boundary this term is T and ZC2 invariant. With a boundary it does not have
an anomaly under ZC2 but it has a T anomaly which exactly cancels that of the boundary
theory (4.2). Note that the time-reversal anomaly (4.2) was not modified by adding the
boundary term in (4.4) and the bulk term SB with (θX = −2π, θY = 0). These two terms
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almost completely cancel each other. To summarize, the theory with the added boundary
term in (4.4) and a bulk term SB + S
′
B with (θX = −π, θY = π) has the full symmetry of
the problem.
We should make a final important comment. As we said above, the bulk term SB with
(θX = −2π, θY = 0) leads to dependence only on some topological information of the bulk
fields. Instead, the bulk term S′B with (θX = π, θY = π) depends on more details of the
bulk fields.
5. Example with Global SO(5) Symmetry
In this section we would like to study in some detail the theory
USp(2)k ∼= SU(2)k with two scalars , (5.1)
and the relation with its SU/U dual U(k)−1 with two fermions. Since Nf = 2, there are
various quartic terms we can include in the potential, and depending on the choice we
reach different IR fixed points. We will use mass deformations to check the duality, and
exploit the ‘t Hooft anomaly matching for general SU/U dualities discussed in Section 2.
5.1. A family of CFTs with SO(5) global symmetry
Let us first consider USp(2)k with two Φ. As a USp theory, it has maximal global
symmetry SO(5) ∼= USp(4)/Z2. We can classify relevant deformations accordingly. We
describe the scalars through complex fields ϕai with a = 1, 2, i = 1, . . . , 4 subject to the
reality condition ϕaiǫ
abΩij = ϕ∗bj (where Ω is the USp(4) symplectic invariant tensor). The
quadratic gauge invariants are collected into the antisymmetric matrix Mij = ϕaiϕbjǫ
ab,
which decomposes under SO(5) as
O1 = −TrΩM , O5 =M −
1
4
ΩO1 . (5.2)
Here the subscript is the SO(5) representation and we suppress the indices. Given the
decomposition (1 + 5) ⊗S (1 + 5) = 1 ⊕ 5 ⊕ 1 ⊕ 14, in principle there are four quartic
gauge invariants: O2
1
, O1O5, TrΩO5ΩO5 ≡ O25, and O14 constructed as
(O14)ijkl = (O5)ij(O5)kl +
1
20
(
ΩijΩkl − 2ΩikΩjl + 2ΩilΩjk
)
O25 . (5.3)
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However, since the gauge group has rank one, it turns out that O21 = 4O
2
5 and so there is
only one quartic singlet.
In USp(2)k with two Φ we insist on SO(5) global symmetry: we turn on O1 and O21
with a fine-tuning on O1 and we assume that it flows to a nontrivial fixed point T
(k)
0 . Such
a fixed point has SO(5) global symmetry. We can couple the theory to SO(5) background
gauge fields as
USp(2)k × USp(4)L
Z2
with Φ in (2, 4) , (5.4)
with some CS counterterm with level L. The conditions to have a well-defined (2 + 1)d
action are L ∈ Z and k−2L ∈ 2Z. As we discussed in Section 2.3, for k even the equations
can be solved, but for k odd they cannot and there is an ‘t Hooft anomaly. The anomaly
is captured by the bulk term
Sanom = k π
∫
M4
P(w2)
2
. (5.5)
For a closed manifold M4 this is trivial for k even, in the sense that eiSanom = 1, but it is
±1 for k odd. ForM4 with a boundary this term is anomalous for odd k and corrects the
anomaly in the boundary theory.
We can consider relevant deformations of T
(k)
0 that preserve SO(5), see fig. 2, by
turning on µ1O1, which is an equal mass for all scalars. With positive mass-squared
µ1 > 0 we flow to the TQFT SU(2)k. With negative mass-squared µ1 < 0 some of the
scalars condense Higgsing SU(2)dyn completely. To figure out the breaking pattern, notice
that we start with 8 real fields, one is an overall scale, 3 are eaten by the Higgs mechanism,
so at most there can be 4 massless fields. However the largest subgroup of SO(5) is SO(4),
so there must be at least 4 Goldstone bosons. Thus the only possible breaking pattern
is SO(5) → SO(4), leaving an S4 ∼= SO(5)/SO(4) sigma model in the IR. More directly,
the potential V = µ1O1 +
1
2
O2
1
has minima at O1 = −µ1. By the algebraic relation
O2
5
= 1
4
O2
1
we find that also O5 condenses, and it spontaneously breaks the symmetry to
SO(4), producing the Goldstone modes living on S4. Alternatively, the equationO1 = −µ1
describes an S7, which is an SU(2) Hopf fibration over S4, therefore gauging SU(2) leaves
the S4 NLSM.
As was shown in [59] (we review it in Appendix A), the S4 NLSM has a Wess-Zumino
interaction term kSWZ that originates from the level k Chern-Simons term in the UV. The
Wess-Zumino term can be written as
k SWZ = 2πk
∫
M˜4
σ∗(ω4) (5.6)
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Fig. 2: RG diagram and fixed points of SU(2)k with two scalars. The blue and
brown lines are RG flows that preserve the global symmetry of the UV fixed point
they emanate from. The green lines are deformations that break the SO(5) global
symmetry. The solid green and brown lines separate between phases with different
IR behavior (S1, S2, and gapped with a TQFT), with an S4 theory (with a Wess-
Zumino term with coefficient k) along the brown solid line. There is no phase
transition along the dotted brown line, as the IR physics is gapped there.
where the integral is over a four-manifold with boundary, σ are the NLSM fields, and ω4 is
the volume form of S4 normalized to total volume 1. We can couple the theory to SO(5)
background gauge fields (gauging in general dimension was discussed in [67]). From our
derivation in Appendix A it is clear that for odd k, the WZ action depends on how the
SO(5) background fields are extended to the bulk, and the dependence is captured by the
very same term (5.5).21 This is ’t Hooft anomaly matching along the RG flow.
Let us stress that the far IR limit of the S4 NLSM is given by 4 free real scalar fields.
At higher energies there are irrelevant interactions that turn it into the S4 NLSM with
WZ term. As we show in Appendix A, at the same scales there are also other irrelevant
21 We thank Todadri Senthil for pointing out to us the relevance of P(w2) in this context and
for mentioning [68].
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(higher-derivative) interactions that break time reversal T (for k > 0). Therefore such an
S
4 NLSM has only SO(5) global symmetry, as the UV theory.
5.2. Two families of CFTs with SO(3)×O(2) global symmetry
Let us now consider SU(2)k with two Φ (i.e. the same gauge group and matter content
as before), but imposing only SU(2) × U(1) symmetry on the quartic terms, as it is the
case in the SU/U dualities. Then there is another quartic deformation we can add in the
UV:
O˜(14) = (O14)ijkl η
jkηil , (5.7)
where η is a U(2)-invariant tensor. This operator is contained in O14 from the decompo-
sition 14 → 10 ⊕ 50 ⊕ 31 ⊕ 3−1 ⊕ 12 ⊕ 1−2 under USp(4)→ SU(2)× U(1). It turns out
that the preserved symmetry acting faithfully is SO(3)×O(2).22 If we want to avoid the
appearance of directions in field space where the potential is unbounded from below, the
absolute value of the coefficient λ14 of O˜(14) should not be too large compared to that of
O21 (which is positive). Since at λ14 = 0 there is a phase transition with enhanced SO(5)
symmetry, we expect two different RG flows for λ14 ≷ 0 that can lead to two families T
(k)
±
of fixed points with SO(3)×O(2) global symmetry.
According to (2.3), the theory SU(2)k with two Φ for odd k has an anomaly when
coupled to U(2)/Z2 ∼= SO(3) × SO(2) backgrounds. This anomaly directly follows from
(5.5), if we restrict SO(5) backgrounds to SO(3)× SO(2).
We can learn about the properties of the fixed points T
(k)
± , if they exist, by looking
at the RG diagram in fig. 2. In particular, we can predict what T
(k)
± flow to, if we deform
them by O1, which is the only other relevant deformation invariant under the symmetries
(notice that O5 does not contain SO(3) × O(2) singlets). This should be the same as
first deforming T (k)0 by O1, as in Section 5.1, and then by O˜(14). The TQFT SU(2)k
is not affected by O˜(14), because SO(5) only acts on massive particles and thus O˜(14) is
decoupled. In the S4 NLSM we use coordinates ρ1,...,5 with
∑5
I=1 ρ
2
I = 1. Then we have
O˜(14) = −3(ρ
2
1 + ρ
2
2) + 2(ρ
2
3 + ρ
2
4 + ρ
2
5). If we deform the potential by O˜(14) with positive
coefficient, we flow to an S1 NLSM, while a negative coefficient leads to an S2 NLSM.
22 The reduced symmetry is
(
O(3) × O(2)
)
/Z2 embedded into SO(5), which includes charge
conjugation ZC2 . Equivalently, it is
(
U(2)/Z2
)
⋊Z
C
2 embedded into USp(4)/Z2 as follows: a 2×2
unitary matrix T is mapped to
(
T
0
0
T∗
)
, the quotient is by −1I, and charge conjugation is mapped
to Ω =
(
0
1I
−1I
0
)
∈ USp(4). The U(2)-invariant tensor is then η =
(
0
1I
1I
0
)
, odd under ZC2 .
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We conclude that, for µ1 < 0, the µ1O1 deformation of T
(k)
+ gives an S
1 NLSM, while
the µ1O1 deformation of T
(k)
− gives an S
2 NLSM. Notice that when the NLSM maps are
restricted to an equatorial S1 or S2, the WZ term (5.6) vanishes.
We can provide two different descriptions of T (k)+ through the SU/U duality
SU(2)k with 2 Φ ←→ U(k)−1 with 2 Ψ , (5.8)
where the theory on the left has O2
1
and O˜(14) quartic couplings both with positive coeffi-
cient.23 This gives evidence that the fixed points T
(k)
+ exist for all k > 0. One can check
that the SO(3) × O(2) invariant mass deformation of U(k)−1 with two Ψ gives U(k)−2
(dual to SU(2)k) for negative fermion mass, and U(k)0 (whose low energy limit is the
S
1 NLSM) for positive mass. Moreover, as discussed in Section 2, the fermionic theory
correctly reproduces the ’t Hooft anomaly.
What about T
(k)
− ? For k = 1 a natural candidate for a dual description is
T
(1)
− : U(1)2 with 2 Φ . (5.9)
This theory has
(
U(2)/Z2
)
⋊Z
C
2
∼= SO(3)×O(2) global symmetry acting faithfully, and it
reproduces the anomaly of SU(2)1 with 2 Φ. Besides, the theory has unique SO(3)×O(2)
invariant quadratic and quartic terms. Upon invariant positive mass-squared deformation
it flows to U(1)2, which is dual to SU(2)1. For negative mass-squared, the minima of the
potential form an S3 with the U(1) Hopf fiber gauged, and thus the theory flows to an S2
NLSM. Since the CS level in (5.9) is even, there is no topological Hopf term [69] in the S2
NLSM, reproducing the result from the deformation of S4. This gives evidence that the
fixed point T
(1)
− could exist.
Interestingly, the description (5.9) of T
(1)
− and the fermionic description in (5.8) of
T (1)+ almost fit in the dualities (1.1)-(1.2) but fail to be dual because their parameters are
outside the allowed region. For instance the two theories
SO(2)2 with 2 φ
NOT
←→ SO(2)−1 with 2 ψ (5.10)
fail to give a dual pair (as advocated in [45] by a different argument). In this example T
(1)
±
appear in the same RG diagram, but are indeed distinct.
23 As in [39], U(1) ⊂ U(k) is a spinc connection and we must add a transparent line to the
theories in order for the duality to be valid. This transparent line does not affect the critical
behavior.
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5.3. A family of RG flows with O(4) global symmetry
We can consider a different deformation of the SO(5) invariant theories T
(k)
0 , obtained
by using a quartic operator in O14 that preserves an O(4) . We will call this operator Ô(14).
It can be written in terms of a Spin(4) invariant tensor η′ as24
Ô(14) = (O14)ijkl η
′jkη′il . (5.11)
Deforming T
(k)
0 by Ô(14) breaks SO(5)→ O(4). Thus, we study the theory USp(2)k with
2 Φ and quartic deformations O2
1
and Ô(14). More easily, this is SU(2)k with two scalars
and a potential V = α
(
|Φ1|4 + |Φ2|4
)
+ 2β|Φ1|2|Φ2|2 with α 6= β. In order to have a
theory with a potential bounded from below, O2
1
should have positive coefficient while the
coefficient λ̂14 of Ô(14) should not be too large in absolute value. As before, we expect
two different RG flows for λ̂14 ≷ 0, separated by T
(k)
0 with enhanced SO(5) symmetry.
The only other O(4) invariant relevant deformation is O1, which is an equal mass for
all scalars (O5 does not contain O(4) invariants), and we can study the combined effect
of O1 and Ô(14) on T
(k)
0 —in a way similar to what we did in fig. 2. With positive mass-
squared we flow to the TQFT SU(2)k, which is not affected by Ô(14) because the latter is
decoupled. With negative mass-squared we flow to deformations of the S4 NLSM. In the
NLSM coordinates, Ô(14) = −(ρ
2
1+ ρ
2
2+ ρ
2
3+ ρ
2
4) + 4ρ
2
5. Therefore, λ̂14 > 0 leads to an S
3
NLSM, while λ̂14 < 0 leads to two gapped vacua with spontaneous breaking of Z
C
2 . The
WZ term kSWZ in the S
4 NLSM descends to a θ-term πkQ in the S3 NLSM, where Q ∈ Z
is the wrapping number in π3(S
3) = Z (in other words θ = kπ).25
In the presence of the deformation Ô(14), with either sign of its coupling λ̂14, a tuning
on O1 may or may not lead to a fixed point. At the moment we do not have candidate
dual descriptions for those fixed points, and we leave the question open.
There are more general deformations of T
(k)
0 we can consider, depending on the
amount of symmetry we want to preserve. A few examples, some of which we have already
24 To define η′ it is convenient to use a different basis than before, namely Ω =
(
ω
0
0
ω
)
with
ω =
(
0
1
−1
0
)
. We embed Spin(4)⋊ZC2 into USp(4) as
(
T1
0
0
T2
)
where T1,2 ∈ SU(2), while the Z
C
2
charge conjugation is C =
(
0
1I
1I
0
)
. Quotient by −1I gives an embedding of O(4) into USp(4)/Z2.
Then η′ =
(
ω
0
0
−ω
)
is invariant under a Spin(4) and is odd under ZC2 .
25 Restricting the NLSM maps σ to an equatorial S3 in S4, the WZ term gives 0 on a map that
does not wrap S3, and pi on a map that wraps S3 once. By linearity, SWZ = piQ(σ).
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Global symmetry Quadratic Φ2 Quartic Φ4
SO(5) O1 O21
SO(3)×O(2) O1 O
2
1, O˜(14)
O(4) O1 O21, Ô(14)
SO(4) O1, O(5) O
2
1
, Ô(14), O1O(5)
U(1)2 ⋊ ZC2 O1, O(5) O
2
1
, O˜(14), Ô(14), O1O(5)
Table 1: Relevant deformations of T
(k)
0 depending on the preserved global symmetry.
discussed, are in Table 1. By O(5) we mean the specific component of O5 that is a singlet
under the preserved symmetry group under consideration.
For instance, if we want to preserve only SO(4) ⊂ SO(5), in terms of the two SU(2)
doublets Φ1 and Φ2 we can turn on the following relevant deformations: there are two
mass terms |Φ1|2 and |Φ2|2, and three quartic terms |Φ1|4, |Φ2|4, |Φ1|2|Φ2|2. This is a
different basis than the one in Table 1. With many operators at our disposal, the precise
breaking pattern depends on the ratios between the various terms.
5.4. Relation with a Gross-Neveu-Yukawa-like theory
We can compare the USp(2)k theory with two scalars with a different model, discussed
in [70], which also exhibits SO(5) global symmetry and a phase described by the S4 NLSM
with WZ term.
Consider a Gross-Neveu-Yukawa-like theory (GNY) with 5 real scalars, 4k complex
fermions and schematic Lagrangian [70]
L = (∂φ)2 +Ψ/∂Ψ− φ4 + φaΨΓaΨ . (5.12)
The scalars transform in the vector representation 5 of Spin(5), the fermions in k copies
of the spinor representation 4, and Γa are gamma matrices of Spin(5). The Lagrangian
(5.12) enjoys a
(
USp(4)×USp(2k)
)
/Z2 global symmetry, and the quartic interaction is the
only one preserving that symmetry. In addition, the theory also preserves a time-reversal
Z
T
2 symmetry under which φ is odd.
With a tuning, the Lagrangian (5.12) is expected to flow to a fixed point with the full
global symmetry. The tuning is on the scalar mass deformation (while the fermion mass
is odd under T and is thus set to zero by imposing that symmetry). We could also think
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of the fixed point as the IR limit of the O(5) Wilson-Fisher fixed point with 4k complex
decoupled fermions perturbed by the relevant operator φaΨΓaΨ.
As discussed in [70], if we deform (5.12) by a negative scalar mass-squared, the scalars
condense breaking spontaneously SO(5)→ SO(4) and leading to an S4 NLSM. In addition,
because of the Yukawa interaction the fermions become massive. Integrating them out
produces a WZ interaction kSWZ [71]. Deformation by a positive mass-squared leads to
4k complex massless free fermions.26
The GNY fixed point (5.12) and the fixed point T
(k)
0 of the USp(2)k theory with
two scalars discussed above, despite sharing the S4 NLSM phase with a WZ term, are
clearly different. Even their global symmetries are different. The GNY fixed point has a(
USp(4)×USp(2k)
)
/Z2 symmetry andT-reversal symmetry, while the fixed point T
(k)
0 has
only an SO(5) global symmetry. In fact, even the S4 NLSM phases are slightly different.
The one obtained from (5.12) has the time-reversal symmetry T, preserved by SWZ, while
the one from SU(2)k with two scalars has higher-derivative corrections that break T,
because time-reversal symmetry is not present in the UV. In addition, the phase obtained
by positive mass-squared is different in these two models.
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Appendix A. Derivation of the Wess-Zumino term in the 3D S4 NLSM
Here we show that when SU(2)k with two scalars flows to the S
4 NLSM by mass
deformation, the Chern-Simons term induces a Wess-Zumino interaction at level k at low
energies [59].
Insisting on SO(5) global symmetry and turning on a negative mass-squared, the
minima of the potential lie along
∑
a,i |Φai|
2 = λ (a = 1, 2, i = 1, 2) which is S7 (here λ
is a mass scale). The SU(2) action corresponds to the Hopf fibration SU(2) → S7 → S4,
thus what we gauge is the SU(2) fiber. Recall that SU(2) bundles over S4 are completely
classified by π3
(
SU(2)
)
= Z which is the second Chern class, and S7 has minimal class:
1
8π2
∫
S
4
TrG ∧G = 1 , (A.1)
where G = dC − iC2 is the curvature of the SU(2) bundle and C(Φ) is a function of Φ.
The 3D gauge theory has a CS term
SCS =
k
4π
∫
S
3
Tr
(
ada−
2i
3
a3
)
=
k
4π
∫
M˜4
TrF ∧ F , S3 = ∂M˜4 , (A.2)
where S3 is the topology of spacetime and the second definition is the proper one. At low
energies the scalars are constrained to
∑
|Φ|2 = λ and we integrate out the gauge field.
Starting with the schematic Lagrangian
L =
∣∣DµΦ∣∣2 + k
4π
LCS(a) , (A.3)
the equation of motion for a is
0 = aµΦΦ
† +ΦΦ†aµ − iΦ∂µΦ
† + i∂µΦΦ
† +
k
2π
ǫµνρF
νρ . (A.4)
This equation contains aµ as well as its first derivative, and it is non-linear. If we drop
the last term, the equation is simply Jµ ≡ −iΦ
↔
DµΦ
† = 0 setting to zero the SU(2) gauge
current. This means that aµ is identified with the connection C(Φ) of the SU(2) bundle
over S4. To take into account the last term, we notice that the first four terms in (A.4) are
of order λ (because |Φ|2 ∼ λ) while the last term is of order λ0 and it contains a derivative.
We can then solve the equation as a series expansion in λ−1, and since λ−1 is dimensionful,
the series is actually a derivative expansion. Thus in the IR limit we have
aµdx
µ = C(Φ) + . . . (A.5)
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where the dots are higher-derivative corrections.
Having identified the field strength F in (A.2) over the extended spacetime manifold
M˜4 with the curvature G(Φ) of the Hopf fibration (up to higher-derivative corrections),
we obtain
SCS → k SWZ + . . . = 2πk
∫
M˜4
ω4(Φ) + . . . , (A.6)
where ω4 is the volume form on S
4 normalized to have integral 1. Notice that (A.4),
because of the last term, is not invariant under time reversal T. Therefore the higher-
derivative corrections to (A.5) do not transform homogeneously under T, and they break
T in (A.6).
Finally, consider coupling the UV theory to SO(5) background fields, namely consider
the theory
(
SU(2)k × USp(4)L
)
/Z2 with a bifundamental scalar. As discussed in Section
2.3, for odd k the action has a sign dependence on the extension of the SO(5) background
fields to M˜4. By (A.6), this implies that also the WZ term coupled covariantly to SO(5)
background fields [67] has the same anomalous dependence.
Appendix B. Comments on Self-Dual QED with Two Fermions
Building on the interesting fermion/fermion duality of [4-6], the authors of [46] pro-
posed the self-duality of a U(1) theory with two fermions. This was later generalized in
[47] to the self-duality of a U(1) gauge theory with two fermions, one with charge 1 and one
with charge k odd. As emphasized in [49,38,39], the coefficients in the Lagrangians in [4-6]
are improperly quantized. This was fixed in [38] by adding more fields and more terms
to the Lagrangian. Then, a proper derivation of the self-duality of the theory with k = 1
was given in [39]. That perspective was also consistent with the spin/charge relation and
described the proper coupling of background gauge fields. Here we will present a similar
derivation of the self-duality of the theory with generic odd k. This will lead us to a more
detailed analysis of the global symmetries and ’t Hooft anomalies of the problem.
We start with the fermion/fermion duality of [38]:
iΨ/DAΨ ←→ iχ /Daχ+
1
2π
adu−
2
4π
udu+
1
2π
udA−
1
4π
AdA− 2CSgrav . (B.1)
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Next, we follow the steps in [39]. We take a product of the theory in (B.1) and of its time-
reversed version in which we substitute A → kA − 2X (X is a background U(1) gauge
field):
iΨ1 /DAΨ
1 + iΨ2 /DkA−2XΨ
2 ←→ iχ1 /Da1χ
1 + iχ2 /Da2χ
2 +
1
2π
(
a1du1 − a2du2
)
+
2
4π
(
u2du2 − u1du1
)
+
1
4π
a2da2
+
1
2π
u1dA+
1
2π
u2d
(
2X − kA
)
−
1
4π
AdA .
(B.2)
Note that for odd k this is consistent with the spin/charge relation. We add the following
counterterms, 1
2pi
Ad
(
Y − kX
)
+ 1
4pi
(
XdX − Y dY
)
+ N
(
1
4pi
AdA + 2CSgrav
)
, to the two
sides of the duality. Here N = (k2 + 1)/2 and Y is a background U(1) field. The specific
counterterms and the value of N were picked such that we can integrate out most of the
fields on the right hand side. Then we can promote A to a dynamical field (more precisely,
a spinc connection) a. On the left hand side we find
iΨ1 /DaΨ
1 + iΨ2 /Dka−2XΨ
2 +
N
4π
ada+
1
2π
ad
(
Y − kX
)
+
1
4π
(
XdX − Y dY
)
+ 2NCSgrav .
(B.3)
We will call this Lagrangian L0(X, Y ). On the right hand side there are several gauge fields,
but we can integrate most of them out. We redefine a = a′+2u1 and u2 = u
′
2+ku1+
k+1
2 a
′,
then the Lagrangian is linear in u1 and it can be integrated out to set a1 = ka2 − 2Y .
Finally we can integrate out a′ to find
iχ1 /Dka˜−2Y χ
1+iχ2 /Da˜χ
2+
N
4π
a˜da˜+
1
2π
a˜d
(
X−kY
)
+
1
4π
(
Y dY −XdX
)
+2NCSgrav , (B.4)
where we relabeled a2 = a˜. Note that all terms are properly quantized with a˜ being a
spinc connection. We see that (B.3) and (B.4) are related by relabeling the dynamical
fields and by exchanging X ↔ Y . This establishes the self-duality of the model, namely
L0(X, Y )←→ L0(Y,X).
27
27 In order to compare with [47], for every fermion coupled with /DA we should add the terms
− 1
8pi
AdA− CSgrav. This turns (B.3) and (B.4) into
iΨ1 /DaΨ
1 + iΨ2 /Dka−2XΨ
2 +
1
2pi
Y da−
1
4pi
(XdX + Y dY ) ←→
iχ1 /Dka˜−2Y χ
1 + iχ2 /Da˜χ
2 +
1
2pi
Xda˜−
1
4pi
(XdX + Y dY )
(B.5)
where we removed the gravitational Chern-Simons term. Up to the last counterterm (which we
cannot remove because of the spin/charge relation) this agrees with the equations in [47].
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As a check, for k = 1 we can substitute a→ a+X in (B.3), a˜→ a˜+ Y in (B.4) and
subtract the counterterm 12piXdY from both sides, to find the same duality (4.1) as in [39].
Let us examine the global symmetry of the problem. First, there is a U(1)X ×U(1)Y .
Second, there is a charge-conjugation symmetry acting as C(a) = −a, C(X) = −X ,
C(Y ) = −Y (and C(a˜) = −a˜ in the dual). We will denote the combined group for these
two symmetries as S
(
O(2)X × O(2)Y
)
. Third, because of the duality there is the ZC2
transformation that exchanges X ↔ Y . Fourth, there is a time-reversal transformation
with T(a) = a, T(X) = X , T(Y ) = −Y (and T(a˜) = −a˜) that acts on the theory as
T
[
L0(X, Y )
]
= L0(X, Y ) +
2
4π
(XdX + Y dY )− 2(k2 − 1)CSgrav , (B.6)
i.e. it is a symmetry up to an anomalous shift of CS counterterms. Next we determine
the symmetry that acts faithfully. Operators constructed out of polynomials in Ψi, Ψi
and derivatives have even U(1)X charge and vanishing U(1)Y charge. Similarly, operators
made out of polynomials in χi, χi and derivatives have even U(1)
Y charge and vanishing
U(1)X charge. We can also consider monopole operators of a or a˜: they have odd U(1)X
and odd U(1)Y charge. Hence the symmetry that acts faithfully on the space of operators
is S
(
O(2)X × O(2)Y
)
/Z2. Including Z
C
2 and time reversal, we find the symmetry group
S
(
O(2)X ×O(2)Y
)
/Z2 ⋊ Z
C
2 ⋊ Z
T
2 .
Let us consider background gauge fields for the symmetry group that does not
act on spacetime. Because of the Z2 quotient, we allow background fields X, Y with∫
dX
2pi mod 1 =
∫
dY
2pi mod 1 =
1
2 . The restriction on the U(1)
X × U(1)Y charges of lo-
cal operators should make such backgrounds consistent. However, one can check (e.g. by
defining ordinary U(1) fields Z± = X ± Y ) that the two sides (B.3)-(B.4) of the duality
are not well defined in the presence of such fluxes. This is an anomaly.
As in the other cases, in particular the one in Section 4, we have different options.
1. We can leave the (2 + 1)d Lagrangian L0(X, Y ) as it is, but then we can only couple
it to S
(
O(2)X ×O(2)Y
)
⋊ Z
C
2 background fields with no fractional fluxes.
2. We add to the two sides (B.3)-(B.4) of the duality the Chern-Simons counterterms
− 14pi (XdX−Y dY ). These counterterms violate the spin/charge relation. Now we can
have S
(
O(2)X ×O(2)Y
)
/Z2 backgrounds, but Z
C
2 is violated.
3. We can attach the theory to a (3 + 1)d bulk, add suitable bulk terms and obtain a
well-defined theory on general backgrounds, but whose partition function depends on
the extension of the background fields to the bulk.
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Let us explore the third option. The θ-parameters of S
(
O(2)X ×O(2)Y
)
/Z2⋊Z
C
2 are
subject to the periodicities
(θX , θY ) ∼ (θX + 8π, θY ) ∼ (θX + 4π, θY + 4π) , (B.7)
and the restrictions (θX , θY ) ∼ (−θX ,−θY ) ∼ (θY , θX) up to periodicities. We add a
boundary term − 14pi (XdX − Y dY ), i.e. we consider the boundary theory
L1(X, Y ) = L0(X, Y )−
1
4π
(
XdX − Y dY
)
, (B.8)
and also add a bulk term SB with (θX = 2π, θY = −2π). Now the boundary theory is well
defined on S
(
O(2)X ×O(2)Y
)
/Z2 backgrounds. The Z
C
2 transformation is anomalous, and
maps L1(X, Y )→ L1(X, Y ) +
2
4pi
(XdX − Y dY ) (making use of the duality), however this
is precisely offset by an opposite anomalous transformation of SB.
In order to preserve time-reversal as well, we add another boundary term S′B with
(θX = 2π, θY = 2π) and also −
k2−1
192pi
∫
TrR ∧ R. In the presence of a boundary, the
variation of S′B under T precisely cancels the one of L0 (while the variations of the added
boundary term to get L1 and of SB cancel among themselves).
Appendix C. More ’t Hooft anomalies
We list here the ’t Hooft anomalies for other cases discussed in the main text. Consider
the theories U(N)k with Nf scalars and SU(k)
−N+
Nf
2
with Nf fermions. The global
symmetry is U(Nf )/Zk and charge conjugation that we will neglect. Following the same
steps as in Section 2.2, one finds that for generic choices of the CS counterterms and with
the same conventions as in (2.9) and (2.11), the anomaly is
Sanom = 2π
∫
M4
[
N
k
P(w
(k)
2 )
2
−
L
Nf
P(w
(Nf )
2 )
2
+
J
D2
F˜ 2
8π2
]
. (C.1)
Here d = gcd(k,Nf ), D = lcm(k,Nf ) =
kNf
d , F is the field strength of U(1) ⊂ U(Nf )
while F˜ = DF is the well-defined and integer field strength of the U(1)/ZD bundle, w
(Nf )
2
is the second Stiefel-Whitney class of the PSU(Nf ) bundle and w
(k)
2 is defined by the
constraint
F˜
2π
=
Nf
d
w
(k)
2 +
k
d
w
(Nf )
2 mod D . (C.2)
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With the choice J ∈ DZ, using the square of the previous relation the anomaly simplifies
to
Sanom = 2π
∫
M4
[
J +Nk
k2
P(w
(k)
2 )
2
+
J −NfL
N2f
P(w
(Nf )
2 )
2
+
J
kNf
w
(k)
2 ∪ w
(Nf )
2
]
. (C.3)
The case k = 0 is special and the formulae above do not directly apply.
So, consider the theory U(N)0 with Nf scalars. In this case the global symmetry
is PSU(Nf ) × U(1)M , as well as charge conjugation and time reversal that we neglect.
The scalars are coupled to a U(Nf ) gauge field B (where U(1) ⊂ U(Nf ) is dynamical)
and a dynamical gauge field b, with Nf Tr db = N Tr dB. The coupling to the magnetic
U(1) background field BM is described by the ill-defined expression
N
2piNf
(TrB)dBM which
needs to be moved to the bulk. This highlights that the global symmetry suffers from an
’t Hooft anomaly. Including a CS counterterm at level L for SU(Nf ) (which could be set
to zero), the anomaly is characterized by the bulk term
Sanom = 2π
∫
M4
[
N
Nf
w
(Nf )
2 ∪
dBM
2π
−
L
Nf
P(w
(Nf )
2 )
2
]
, (C.4)
where we have identified 1
2pi
Tr dB = w
(Nf )
2 mod Nf . This expression can be regarded as
a singular limit of (C.1).
Similarly, the theory U(k)Nf
2
with Nf fermions has global symmetry U(Nf )/ZNf ,
besides charge conjugation that we neglect. The expression (2.13) for the anomaly does
not directly apply (since N = 0). Following similar steps as before, we find that the
anomaly is characterized by the bulk term
Sanom = 2π
∫
M4
[
k
Nf
w
(Nf )
2 ∪
dBM
2π
−
L
Nf
P(w
(Nf )
2 )
2
]
. (C.5)
The other time-reversal invariant theory is U(k)0 with Nf fermions, which requires
Nf to be even. The UV symmetry is U(Nf )/ZNf/2 together with charge conjugation and
time reversal. Applying (2.14) with N = Nf/2, the anomaly is
Sanom = 2π
∫
M4
[
−
2k
Nf
P(w
(Nf/2)
2 )
2
−
L
Nf
P(w
(Nf )
2 )
2
+
J
N2f
F˜ 2
8π2
]
(C.6)
where F˜ satisfies (2.12) with d = Nf/2, D = Nf . Besides, under time reversal there is
an anomalous shift by
(
SU(Nf )−2L−k × U(1)−2Kf
)
/ZNf where Kf =
4J−2Nfk
N2
f
. For the
special case k = 1, Nf = 2 we can choose the counterterms L = J = 0 such that there
is no anomaly for the U(2) =
(
SU(2) × U(1)
)
/Z2 symmetry, but there is a time-reversal
anomaly that shifts the theory by
(
SU(2)−1 × U(1)2
)
/Z2. We elaborate more on the
anomaly for U(1)0 with two fermions in Section 4.
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